A dual Josephson junction corresponding to a (2 + 1)-dimensional non-superconducting layer sandwiched between two (3 + 1)-dimensional dual superconducting regions constitutes a model of localization of a U (1) gauge field within the layer. Monopole tunneling currents flow from one dual superconducting region to another due to a phase difference between the wave functions of the monopole condensate below and above the non-superconducting layer when there is an electromagnetic field within the layer. These magnetic currents appear within the (2 + 1)-dimensional layer as a gas of magnetic instanton events and a weak electric charge confinement is expected to take place at very long distances within the layer. In the present work, we consider what happens when one introduces fermions in this physical scenario. Due to the dual Meissner effect featured in the dual superconducting bulk, it is argued that unconfined fermions would be localized within the (2 + 1)-dimensional layer, where their quantum fluctuations radiatively induce a Chern-Simons term, which is known to destroy the electric charge confinement and to promote the confinement of the magnetic instantons.
I. INTRODUCTION
In the present work, we propose an extension of the model presented in [1] . There, it was considered a dual Josephson junction comprising a (2+1)-dimensional nonsuperconducting layer sandwiched between two (3 + 1)-dimensional dual superconducting regions, which correspond to a condensate of magnetic monopoles [2] . At the tree level, this physical setup localizes an effectively free electromagnetic gauge potential in the (2 + 1)-dimensional layer, since the massless photons within the layer cannot escape from it to propagate far into the interior of the dual superconducting bulk due to the mass acquired by gauge bosons within such a magnetic condensate medium. However, when quantum effects are taken into account, monopole tunneling currents can flow from one dual superconducting region to another due to a phase difference between the wave functions of the monopole condensate below and above the layer when there is an electromagnetic field within the layer. This is the dual Josephson effect, whose aftermath is to provide a small mass to the photons, generating a weak dual Meissner effect and an associate weak confinement of electric charges within the layer. This can be understood from the fact that the monopole tunneling currents appear within the (2 + 1)-dimensional layer as a gas of magnetic instantons, which are known to cause the confinement of electric charges [3] . Therefore, when quantum effects are considered, the effective model for the (2+1)-dimensional * leogrigorio@gmail.com † msguimaraes@uerj.br ‡ romulo@if.ufrj.br § clovis@if.ufrj.br ¶ carlos.zarro@if.ufrj.br layer also displays electric charge confinement, although only at large length scales, which is the reason why this is said to be a weak electric charge confinement [1] . We shall briefly review the main points of this discussion in section II.
In section III, we present our original results by considering what happens when dynamical fermions are included in the above physical scenario. We argue that due to the dual Meissner effect, fermions would be confined in mesonic fermion-antifermion pairs within the dual superconducting bulk, while unconfined fermions would be localized within the (2+1)-dimensional layer, where their quantum fluctuations radiatively induce a Chern-Simons (CS) term [4] , which is known to destroy the electric charge confinement [5] and to drive the confinement of the magnetic instantons [6] [7] [8] [9] . The induction of the CS term in (2 + 1)-dimensions can also be accomplished by interpreting the fermion quantum fluctuations as an electric condensation process [9, 10] through the use of the so-called generalized Julia-Toulouse approach for condensation of topological currents.
The Julia-Toulouse approach is originally [11, 12] a prescription used to construct a low energy effective field theory for a system characterized by a condensate of topological currents, by starting from the model describing the system in the regime where these currents are dilutely distributed through space and by taking into account the symmetries expected for the condensed regime. In [13] we showed that the original Julia-Toulouse prescription [11, 12] is the electromagnetic dual, in a certain limit, of the formalism developed in [14, 15] , where the condensation of topological currents is controlled by an adequate fugacity term inserted into a partition function with an associate ensemble of defects. In [9, 16] we unified and extended both prescriptions into a generalized formalism, whose main feature, in the condensed phase, consists in a careful treatment of a local symmetry which we call as the Dirac brane symmetry, which is independent of the usual gauge symmetry [15] and corresponds to the freedom of deforming Dirac strings [17] without any observable consequences. We call this generalized prescription as the generalized Julia-Toulouse approach (GJTA) [9, 16] .
We shall apply the GJTA in section III to consistently induce the CS term in the (2 + 1)-dimensional layer in the presence of external magnetic instantons associated to the dual Josephson tunneling currents. As the result, the weak electric charge confinement featured within the layer in the absence of fermions is destroyed when fermions are present and the magnetic instantons become confined in this setup due to the presence of an electric condensate effectively described by the CS term.
Throughout this paper, we are going to make use of natural units with c = = 1.
II. DUAL JOSEPHSON JUNCTION IN THE ABSENCE OF FERMIONS AND WEAK ELECTRIC CHARGE CONFINEMENT IN THE (2 + 1)-DIMENSIONAL LAYER
We begin by giving a brief review of the main points involved in the physical scenario considered in [1] . The effective tree level action describing the dual Josephson junction proposed in [1] is given by:
where C µ is the dual gauge potential [2, 15] , g is the monopole charge and the wave function of the magnetic condensate is given by:
where
(|z|<ε/2) corresponds to the dual superconducting bulk and the (2 + 1)-dimensional nonsuperconducting layer is placed at x 3 ≡ z = 0, having a small width ε. The dual superconducting bulk described by the dual Abelian Higgs model features a dual Meissner effect which confines electric charges, as usual. At the tree level, we see from (1) and (2) that the monopole condensate field φ(x) vanishes within the (2+1)-dimensional layer and, therefore, we have a massless photon freely propagating within the layer, at least classically. In fact, due to the boundary conditions set by the dual superconductor at low energies, the only components of the observable electromagnetic fields that survive within the layer are [1] :
This allows one to suitably define an effective (2 + 1)-dimensional real scalar field ϕ(x, y, t) := C 3 (x, y, z = 0, t) and write down the following effective field theory describing the tree level physics within the (2 + 1)-dimensional layer:
which is the electromagnetic dual of a Maxwell action in (2 + 1)-dimensions [9, 15] :
Let us now see how quantum effects modify this classical picture within the layer. When we consider a phase difference between the monopole condensate wave functions below and above the non-superconducting layer, monopole currents tunnel across the layer, appearing within it as a gas of magnetic instanton events. In the dual superconducting bulk, a monopole current j µ couples minimally to the dual gauge potential C µ and when it crosses the layer at z = 0 it is oriented along the zdirection. Therefore, this coupling appears within the layer as gC µ j µ layer −→ gϕj 3 and the presence of the magnetic instanton gas is accounted for by the following partition function:
where:
encodes the magnetic instanton gas contribution. Let us explicitly evaluate this contribution by considering the dilute gas approximation [3] .
In what follows, we shall take basically the same steps presented in [18] . We begin by wick-rotating (7) to the euclidean space
Firstly, we take the contribution of a single instanton with winding number +1 into consideration:
where η is the instanton fugacity corresponding to the probability density of existence of a single instanton with winding number +1. Notice we are integrating over all possible instanton locations x β E . Summing over all possible system configurations with an arbitrary number of instantons with winding number +1 and assuming that they do not interact among themselves, we get:
where the factor (N + !) −1 is needed to account for the fact that we have indistinguishable instantons. Considering now the contribution of an arbitrary number of antinstantons with winding number −1 and assuming a small instanton fugacity η, such that the contribution of instantons and antinstantons with higher winding numbers becomes exponentially suppressed in the partition function Z E I [ϕ E ], we obtain the approximation:
Therefore, the net effect of a gas of instantons consists in generating a cosine self-interaction term for the scalar field [3] . Wick-rotating (11) back to the Minkowski space R 1,2 and substituting the result in (6), we get the SineGordon model as the effective field theory within the (2+ 1)-dimensional layer when the dual Josephson currents are taken into account:
From the above equation we conclude that due to the monopole tunneling currents the scalar field acquires an effective mass m 2 eff = 2ηg 2 . This is a small mass, since in the derivation of the Sine-Gordon model (12) we assumed a small instanton fugacity η.
We see from (12) that the next-to-leading order effective action describing the physics within the (2 + 1)-dimensional layer of the dual Josephson junction setup is given by:
If we now insert two opposite electric charges into this system via a non-minimal coupling with the scalar field, it can be shown that they interact via an effective potential that features two parts: a short-range Yukawa interaction plus a confining term that is linear in the intercharges separation and proportional to m 2 eff [3, 9] . This picture is qualitatively the same that happens in the (3 + 1)-dimensional dual superconducting bulk, but quantitatively, the electric confinement phenomenon observed within the (2 + 1)-dimensional layer only becomes noticeable at much larger distances than its bulk counterpart, since m 2 eff is much smaller than the mass acquired by the dual gauge field C µ in the bulk due to the dual Higgs mechanism. In this sense, it is said that the electric charge confinement featured within the layer is weak [1] .
It is important to mention that the same physics just discussed could be equivalently approached in the dual picture, in terms of the massless gauge potential a µ appearing in (5), instead of its electromagnetic dual, the massless scalar field ϕ featured in (4) [3, 9] . The magnetic instantons would couple non-minimally to the a µ field and their condensation would imply in the rank-jump phenomenon, with the confinement of electric charges being described in terms of a massive Kalb-Ramond field, the electromagnetic dual in (2 + 1)-dimensions of the massive scalar field featured in (12) and (13) . For the interested reader, we refer the section IV of reference [9] , where these issues are discussed in details.
III. FERMIONS, THE INDUCTION OF THE CHERN-SIMONS TERM AND MAGNETIC INSTANTON CONFINEMENT IN THE (2 + 1)-DIMENSIONAL LAYER
Let us now discuss how the presence of fermions in the system drastically changes the physics within the (2 + 1)-dimensional layer reviewed in the last section.
In what follows, we shall work in terms of the gauge field a µ present in (5), which is the electromagnetic dual of the scalar field ϕ within the layer. The reason for this is because while fermions in the bulk couple minimally to the (3 + 1)-dimensional gauge potential A µ , its coupling to the dual gauge potential C µ is not well understood. Since the scalar field ϕ is the inheritance of the C µ field within the (2 + 1)-dimensional layer, we should find the same problem in trying to define the coupling between fermions and ϕ. However, since the a µ field is just the restriction of the bulk gauge field A µ within the layer, it couples minimally to fermions localized within the layer. In this way, we write down the following effective field theory within the (2 + 1)-dimensional layer, describing the interaction of the a µ field minimally coupled to fermions and non-minimally coupled to external magnetic instantons:
µνβ ∂ µχνβ is the scalar instanton current that localizes a magnetic instanton event within the layer,χ µν = µνβ χ β is the associated Chern-Kernel, which localizes the magnetic Dirac string that has the magnetic instanton event in its boundary, / D = γ µ (∂ µ + iea µ ) is the (2 + 1)-dimensional covariant Dirac operator, e is the electric fermion charge and the acronym "G.F." in the functional measure stands for an arbitrary gauge fixing procedure that must be adopted at some stage of the calculations, in order to fix the gauge ambiguity present in (14) .
The (3+1)-dimensional dual superconducting bulk features a dual Meissner effect which tends to expel all the electric fields from the interior of the bulk, causing the confinement of electric charges [2] . Dynamical fermions within the dual superconducting bulk always appear in mesonic bound states with vanishing electric charge and if a fermion-antifermion pair is elongated beyond a certain critical distance, it becomes energetically favorable to create a new fermion-antifermion pair and, therefore, a string breaking process occurs. In this way, unconfined fermions can only lie within the (2 + 1)-dimensional non-superconducting layer of the dual Josephson junction setup.
In the absence of instantons, the integration of the Dirac fields in (14) leads to a fermion determinant which is responsible for generating a CS term at the one loop level [4, 19] . However, when instantons are present, a direct evaluation of this fermion determinant is not an obvious task because the gauge potential a µ is singular over the magnetic Dirac strings [8] . The strategy we are going to adopt in the sequel to circumvent this difficult is to make use of the GJTA. In the case without instantons, it was shown in [9, 10] that the GJTA can reproduce the effect of the one loop fermion fluctuations, namely, the induction of a CS term, by interpreting this term as arising due to a condensation of classical electric charges that breaks parity and time reversal symmetries. These classical electric charges are represented by electric world-lines instead of fermion fields. Due to this equivalence between the two methods (one loop fermion determinant calculation and electric world-lines condensation via GJTA), we applied in [8, 9] the GJTA to induce the CS term in the presence of instantons. As the result, the external magnetic instantons become confined in the Maxwell-Chern-Simons (MCS) theory due to the electric condensate effectively described by the CS term. Similar conclusions for magnetic instantons in the MCS model were firstly reached in references [5] [6] [7] 20] , although the CS term was not interpreted there as arising due to an electric condensation process.
Let us now proceed via GJTA to obtain the MCS theory in the presence of magnetic instantons as a result of an electric condensation process within the (2 + 1)-dimensional layer. As explained above, within the GJTA we shall substitute the fermion description of the electric charges by a classical description in terms of electric world-lines. The quantum effect of integrating over the fermions at the one loop level will be equivalently reproduced within the GJTA by considering a condensation of these electric world-lines at low energies. The first step in our route, therefore, consists in writing down an effective theory for the classical electric charges in a regime where they are dilutely distributed through space, also taking into account the presence of the external instantons due to the dual Josephson tunneling currents:
where J µ = µνβ ∂ µΣβ is the electric current localizing the electric world-line, which is the boundary of the ChernKernelΣ µ = 1 2 µνβ Σ νβ localizing the electric Dirac brane corresponding to the world-surface of the electric Dirac string attached to the electric charge e.
Besides the usual gauge ambiguity, a µ → a µ + ∂ µ ω, which implies the electric charge conservation, ∂ µ J µ = 0, there are also two extra local symmetries featured in (15) [9, 15] . The first one is the electric Dirac brane symmetry corresponding to the invariance of (15) under deformations of the electric Dirac branes keeping fixed their physical boundaries corresponding to the electric world-lines:
µνβ ξ µνβ is a delta distribution localizing the volume spanned in R 1,2 by the deformation of the Dirac surface localized byΣ µ , keeping fixed its boundary. The another extra local symmetry is the magnetic Dirac brane symmetry corresponding to the invariance of (15) under deformations of the magnetic Dirac strings keeping fixed their physical boundaries corresponding to the magnetic instanton events:χ
whereσ µ = 1 2 µνβ σ νβ is a delta distribution localizing the surface spanned in R 1,2 by the deformation of the Dirac string localized byχ µν , keeping fixed its boundary. Notice that the gauge potential a µ is dislocated under the magnetic Dirac brane transformation (17) because it is singular over the magnetic Dirac branes [9, 15] . In fact, not only a µ , but also its exterior derivative ∂ [µ a ν] are singular over the magnetic Dirac branes. However, the singularity present in ∂ [µ a ν] is exactly canceled out by the singular Dirac string term, such that the nonminimal coupling ∂ [µ a ν] − gχ µν is the regular structure representing the observable electromagnetic fields in the presence of magnetic defects [2, 9, 15] .
While the electric Dirac brane symmetry (16) is trivially realized in the partition function (15), the magnetic Dirac brane transformation (17) is not an immediately obvious symmetry of (15) due to the minimal coupling term, and its analysis has some very important consequences. In fact, notice that under the transformation (17) , while the non-minimal coupling in (15) is clearly invariant, the minimal coupling is shifted by an intersection number between J µ andσ µ times the product eg. Therefore, in order to the unphysical magnetic Dirac strings to remain unobservable at the quantum level in the partition function (15), one must require as a consistency condition that the product between the electric and magnetic charges is quantized in integer multiples of 2π, which is the celebrated Dirac charge quantization condition [17] : eg = 2πn, n ∈ Z. However, although necessary, the Dirac charge quantization condition is not sufficient to guarantee the invariance of the minimal coupling term in (15) under the magnetic Dirac brane transformation (17) . Indeed, since the minimal coupling term has support over the electric world-lines, in order to the action of the system to remain regular over the whole space, one must require as a further consistency condition that the magnetic Dirac strings do not touch the electric worldlines, otherwise at the points where such crossings happen, the minimal coupling would diverge, since the a µ field is singular over the magnetic Dirac strings. This restriction is known as the Dirac's veto [17] . The Dirac's veto together with the Dirac charge quantization condition are two necessary and sufficient consistency conditions that guarantee the invariance of the theory under the magnetic Dirac brane transformations, as detailed discussed in [16] . Consequently, we can precisely state the magnetic Dirac brane symmetry as corresponding to the local invariance of the theory under the deformations (17) , provided the Dirac charge quantization condition and the Dirac's veto are both satisfied: we are allowed to move the magnetic Dirac strings to any place not occupied by the electric world-lines [16] .
Having written the partition function (15) for the electrically diluted regime within the layer and having analyzed its local symmetries, we are now prepared to proceed with the GJTA. As discussed before, we are interested in obtaining the MCS theory in the presence of external instantons as a result of an electric condensation process, emulating the effect of fermion quantum fluctuations within the layer. The electric condensation process associated to the emergence of the CS term, a µ µνβ ∂ ν a β , must break the discrete parity and time reversal symmetries. With this in mind, our next step consists in defining the partition function for the electrically condensed regime by adding to the partition function (15) a fugacity term allowing the proliferation of the electric world-lines until they establish a macroscopically continuous medium corresponding to the electric condensate. More precisely, we shall consider a proliferation of the electric Dirac branes localized byΣ µ and this, in turn, will imply the proliferation of the electric world-lines that live in their boundaries. In this way, the form of the fugacity term to be added to (15) is determined by taking a derivative expansion of the electric Dirac branesΣ µ compatible with the desired symmetry content and retaining only the term with lowest order in derivatives, which is the term giving the dominant contribution for the low energy physics. Regarding the symmetry content we are interested in, the term to be added must preserve all the local symmetries of the system, in consonance with Elitzur's theorem [21] , and must also preserve the Lorentz symmetry and break parity and time reversal symmetries, as discussed before. The term with lowest order in derivatives satisfying all these requirements is of the formΣ µ µνβ ∂ νΣβ . Therefore, we write down the following partition function for the electrically condensed regime:
Da µ exp i
where α is an adimensional parameter that will be fixed afterward (in eq. (28)) and we are summing over all electric brane configurations. We now proceed with some formal manipulations in order to recast the partition function (18) for the condensed regime in a more suitable form to analyze its physical meaning. We firstly rewrite (18) as:
In the next step, we are going to make use of the following version of the generalized Poisson identity (GPI) [13, 15] :
where Ω µ is a delta distribution localizing certain lines in R 1,2 . As detailed discussed in Appendix A of [13] , the GPI works a geometric analogue of the Fourier transform: when the ensemble of branes on one side of (20) becomes prolific, the ensemble of branes of complementary dimension on the other side of the GPI becomes diluted. From this, we conclude that the lines localized by Ω µ must be interpreted as vortex lines over the electric condensate: their proliferation (dilution) implies the dilution (proliferation) of the electric world-lines that lie on the boundaries of the electric Dirac branesΣ µ .
Using the GPI (20), we rewrite (19) as:
where we now sum over vortex configurations. Since we have a gaussian functional integral over the b µ field, its integration is equivalent to substitute in (21) the solution of its equation of motion. The equation of motion for the b µ field is given by:
By taking the divergence of the above equation, we obtain the constraint ∂ µ Ω µ = 0, which tells us that the vortex density is a conserved current. We can solve this constraint locally by introducing a Chern-Kernelλ µ for the vortex density:
whereλ µ = 1 2 µνβ λ νβ is a delta distribution that localizes an arbitrary surface that has as boundary the closed line localized by the conserved vortex density Ω µ . Using (23), we obtain the general solution for the equation of motion (22):
Substituting (24) in the partition function (21), we finally obtain the adequate definition of the MCS theory in the presence of external magnetic instantons [8, 9] :
Let us now take a break to analyze the issue of the magnetic Dirac brane symmetry in the low energy effective field theory (25) for the electrically condensed regime within the (2+1)-dimensional layer. As discussed earlier in this section, the magnetic Dirac brane symmetry consists in the freedom of locating the magnetic Dirac strings at any place not occupied by the electric worldlines. However, in the electrically condensed regime, these electric world-lines proliferated occupying almost the whole space, except for the interior of the closed vortex lines, where the electric condensate vanishes. Therefore, in the electrically condensed regime, the only place allowed for the magnetic Dirac strings is the interior of closed magnetic vortices formally connected to the external magnetic instanton events. From (25), we see that these vortices have a magnetic flux of 2π/e. In this way, as explained in figure 1 , provided the Dirac charge quantization condition is fulfilled, the closed magnetic vortices formally connected to the magnetic instantons have part of their flux canceled out by the flux inside the magnetic Dirac strings, giving rise to open magnetic vortices with a instanton-antinstanton pair in their boundaries.
FIG. 1:
The magnetic flux inside the Dirac string (gray dashed arrow) is g, while the magnetic flux inside the closed vortex (blue solid line) is 2π/e. The Dirac's veto implies that the only place allowed for the magnetic Dirac string in the electrically condensed regime is the interior of a closed magnetic vortex connected to a instanton-antinstanton pair. In this way, the Dirac charge quantization condition leads to a mutual cancellation between the magnetic flux inside the Dirac string and the magnetic flux inside the unphysical part of the closed vortex connected to the instanton-antinstanton pair. As the result of such a cancellation, there emerges a physical open magnetic vortex.
Notice that due the cancellation scheme depicted in figure 1 , we can freely deform the unphysical magnetic Dirac strings in the electrically condensed regime, as long as the unphysical part of the closed magnetic vortices that wipe out the Dirac strings transforms accordingly. In fact, this is necessary to preserve the Dirac's veto in the condensed regime. Therefore, in the electrically condensed phase, the magnetic Dirac brane symmetry (17) becomes [22] :χ
From this, we see that the local magnetic Dirac brane symmetry is preserved in the MCS theory in the presence of external magnetic instantons (25) derived here via GJTA, in consonance with Elitzur's theorem [21] . Before proceeding to discuss the confinement of the magnetic instantons featured in (25), let us firstly analyze the issue of the quantization of the topological mass of the gauge field a µ due to the presence of the magnetic instantons. As reviewed in [19] , the coefficient of the CS term, a µ µνβ ∂ ν a β , gives the physical propagating pole of the MCS theory. In this manner, we can immediately read off from (25) the gauge invariant topological mass acquired by the a µ field: m top = e 2 /2α. From (23) and (25), we see that the gauge field couples minimally to the magnetic vortex density Ω µ and that the coefficient of this minimal coupling term is given by eπ/α. Since the magnetic vortex density couples minimally to the gauge field, we see that it acquires an electric charge eπ/α, developing a dyonic character. Due to the Dirac charge quantization condition, any electric charge in the system must be quantized in integer multiples of 2π/g and, therefore, we get the following identity for the electric charge of the vortices:
By making the reasonable assumption that the electric charges e that condensed has minimal strength e = 2π/g, we obtain from (27):
thus fixing the possible values of the GJTA parameter α, as promised before. With this result in hands, we obtain the following quantization rule for the topological mass of the gauge field due to the presence of magnetic instantons [9] :
which agrees with the quantization rule found originally in [20] . In order to adequately address the issue of the magnetic instanton confinement in the MCS theory, let us rewrite the partition function (25) in terms of observable Dirac brane invariants [9] . We begin by defining the following Dirac brane invariant gauge field:
which does not change under the magnetic Dirac brane tranformation in the electrically condensed phase (26). We then have a µ =ā µ − 2π eλ µ , such that the partition function (25) can be rewritten in the following form [9] :
where we made use of the Dirac charge quantization condition to define the magnetic Dirac brane invariant distribution:L
which does not change under the transformation (26). From (32), we see that the scalar instanton current is written in terms of the Dirac brane invariant as:
νβ . The partition function (31) is entirely written in terms of magnetic Dirac brane invariants, such that the magnetic Dirac brane symmetry (26) is hidden realized in the interior of these invariants. This hiding of the Dirac brane symmetry was advocated by us in [9] as a general signature of the confinement phenomenon in physical systems characterized by condensates of topological currents. As discussed before, in the presence of external magnetic instantons, there are both, closed vortices connected and disconnected from the instantons.
As explained in figure 1 , the closed vortices connected to the instantons give rise to open vortices with instantonantinstanton pairs in their boundaries. These open vortices are the magnetic confining flux tubes. If we now consider the system within the (2 + 1)-dimensional layer in a particular state with no disconnected vortices from the magnetic instantons, and integrate out the gauge field, the partition function (31) can be shown to reduce to [8, 9] :
where the sum over geometric configurations is now performed only over the open vortices. The effective action present in the Boltzmann factor in (34) agrees with the action originally obtained in [7] . At asymptotic instanton-antinstanton separations, we expect that the relevant contribution in the sum over all possible shapes of the confining flux tubes in the partition function (34) is given by the open vortex configuration minimizing the energy of the system, that is presumably a straight line giving the minimal interval between two instanton and antinstanton events in R 1,2 . The third term in the effective action in the Boltzmann factor in (34) is dominant at asymptotic distances and its contribution for the effective interaction potential associated to an instantonantinstanton configuration connected by a straight flux tube is given by (see [9] for the detailed evaluation):
where R is the instanton-antinstanton separation and the coefficient of the confining linear potential (35) is the socalled string tension. The parameter M featured in (35) is a physical ultraviolet cutoff corresponding here to the inverse of the coherence length of the electric condensate within the (2 + 1)-dimensional layer. This coherence length is also the thickness of the magnetic confining flux tubes. Therefore, we see that the presence of fermions drastically modifies the low energy physics within the (2 + 1)-dimensional layer of the dual Josephson junction setup considered here. In the absence of fermions, there is a weak electric charge confinement within the layer [1] , as reviewed in section II. However, if there are fermions in the dual Josephson junction, their net effect, which we computed in this section by making use of the GJTA, is to destroy the weak electric charge confinement and to promote the confinement of the magnetic instantons within the (2 + 1)-dimensional layer.
IV. CONCLUDING REMARKS
In this work, we analyzed an extension of the model proposed in [1] , where a dual Josephson junction comprising a (2 + 1)-dimensional non-superconducting layer sandwiched between two dual superconducting regions in (3 + 1)-dimensions works as a model for localizing a U (1) gauge field within the layer. This localization mechanism is provided by the fact that the photons within the layer cannot escape from it to propagate far into the dual superconducting bulk, since in the interior of the bulk they would acquire a mass due to the dual Higgs mechanism. The photon propagation, therefore, remains effectively localized within the layer. When a phase difference between the wave functions describing the monopole condensate constituting the dual superconducting bulk below and above the non-superconducting layer is taken into consideration, there is a flow of monopole currents through the layer, which appears within it as a gas of magnetic instanton events. In the absence of fermions, this magnetic instanton gas promotes a weak electric charge confinement within the layer, which is only noticeable at very long distances.
The extension we considered in the present work, was the inclusion of fermions in this dual Josephson junction setup. Due to the fact that the dual superconducting bulk features a dual Meissner effect, which tends to expel all the electric fields from the interior of the dual superconducting medium, causing the confinement of electric charges, unconfined fermions would be localized within the (2+1)-dimensional non-superconducting layer, where their quantum fluctuations induce a Chern-Simons term. We derived this effect by making use of the generalized Julia-Toulouse approach for condensation of topological currents, interpreting the induction of the Chern-Simons term as an electric condensation process. As the result, in the presence of fermions, the weak electric charge confinement within the layer is destroyed and the magnetic instantons become confined due to the presence of the electric condensate effectively described by the ChernSimons term.
